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TORUS LOCALIZATION AND WALL CROSSING FOR 
COSECTION LOCALIZED VIRTUAL CYCLES 

HUAI-LIANG CHANG, YOUNG-HOON KIEM, AND JUN LI 


1. Introduction 

Since its introduction in 1995 by Li-Tian [SB] and Behrend-Fantechi [T], 
the theory of virtual fundamental classes has played a key role in algebraic 
geometry, defining important invariants such as the Gromov-Witten invari¬ 
ant and the Donaldson-Thomas invariant. Quite a few methods for handling 
the virtual fundamental classes were discovered such as torus localization 
M), degeneration ([25]), virtual pullback ([28]) and cosection localization 
m)- Often combining these methods turns out to be quite effective. The 
purpose of this paper is to prove 

(1) virtual pullback formula, 

(2) torus localization formula and 

(3) wall crossing formula 

for cosection localized virtual cycles. Our results can be thought of as gener¬ 
alizations of the corresponding results for the ordinary virtual cycles because 
when the cosection is trivial, these formulas coincide with those for the or¬ 
dinary virtual cycles. For (2), we remove a technical assumption in |T5] on 
the existence of an equivariant global embedding into a smooth Deligne- 
Mumford stack. 

A Deligne-Mumford stack X is equipped with the intrinsic normal cone 
£x which is etale locally [Cjj/y /Ty\u\ if U —>■ X is etale and [/ H- k is an 
embedding into a smooth variety where Cjj/y is the normal cone of U in V. 
A perfect obstruction theory ([1]) gives us a vector bundle stack £ together 
with an embedding £x C £. The virtual fundamental class mm) is then 
defined by applying the Gysin map to the intrinsic normal cone 

[X] vir = ofe]. 

When there is a torus action on X with respect to which the perfect ob¬ 
struction theory is equivariant, the virtual fundamental class is localized to 
the fixed locus F = X c * under suitable assumptions ([15]): 

(i-i) [*] vir = e ® Q[t] Q[t, u 1 ]. 
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Here t : F — > X is the inclusion and t is the generator of the equivariant 
ring of C*. 

The construction of virtual fundamental class can be relativized for mor- 
phisms / : X — > Y to give the virtual pullback 

/ ! : A*(Y) -A A*(X) 

when the intrinsic normal cone &x/Y is embedded into a vector bundle stack 
£ on X. When the perfect obstruction theories of X and Y are compatible 
with £, the virtual pullback gives us the formula ([28]) 

(1.2) / ! [Y] vir = [X] vir . 

A wall crossing formula ([21]) compares [M + ] vir with [M_] vir when M + 
and M_ are open Deligne-Mumford substacks of the quotient [X/C*] of a 
Deligne-Mumford stack X which are simple C*-wall crossings. 

The cosection localization says that when there is an open U C X and a 
surjective a : £\u ^ C u, we can define a cosection localized virtual funda¬ 
mental class 

[X]£ r c € A*(X(cr)) where X(a) = X — U 
which satisfies usual expected properties such as deformation invariance and 
*.[X]J£ = [X] vir g A*(X) where i : X{a) -A X. 

The construction of [X]^ in ([IS]) is obtained in two steps: 

• (cone reduction) the intrinsic normal cone £x has support contained 
in £(a) where £(cr) = £\x(a) U ker(f \jj —> C jj)\ 

• (localized Gysin map) there is a cosection localized Gysin map 

0 ' £}loc :A*(£(a))^A*(X(a)) 
compatible with the usual Gysin map. 

Then the cosection localized virtual fundamental class is defined as 

re r c = Of, loc [cx]. 

The cosection localized virtual fundamental class turned out to be quite 
useful (pi 0 0 El EH O HU [13 [13 [20] [23J [27] [29] [30l H]). For further 
applications, it seems desirable to have cosection localized analogues for 
torus localization formula, virtual pullback and wall crossing formulas. For 
instance, recently there arose a tremendous interest in the Landau-Ginzburg 
theory whose key invariants such as the Fan-Jarvis-Ruan-Witten invariants 
are defined algebro-geometrically by cosection localized virtual cycles (M). 
The formulas proved in this paper will be useful in the theory of MSP fields 
developed in [3] tod study the Gromov-Witten invariants and the Fan-Jarvis- 
Ruan-Witten invariants of quintic Calabi-Yau threefolds. 

In fJ21 we prove the cosection localized virtual pullback formulas (cf. The¬ 
orems ESI and 12.91) . The proofs in [28] work with necessary modifications 
as long as the rational equivalences used in the proofs lie in the suitable 
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substacks for localized Gysin maps. In [}3] we prove the torus localization 
formula for the cosection localized virtual fundamental classes (cf. Theorem 
13.41) . In this new proof, we do not require (1) the existence of an equivariant 
global embedding of X into a smooth Deligne-Mumford stack and (2) the ex¬ 
istence of a global resolution of the perfect obstruction theory as in [15]. The 
technical condition (1) is completely gone while (2) is significantly weakened 
to (2 7 ) the existence of a global resolution of the virtual normal bundle IV vir 
only on the fixed locus F. Finally, in [JH we prove a wall crossing formula 
for cosection localized virtual fundamental classes. We remark that in [20], 
a degeneration formula for cosection localized virtual fundamental class was 
proved and it was effectively used to prove Maulik-Pandharipande’s formulas 
for Gromov-Witten invariants of spin surfaces. 

All schemes or Deligne-Mumford stacks in this paper are defined over the 
complex number field C. 


2. Virtual pullback for cosection localized virtual cycles 

In this section, we show that Manolache’s virtual pullback formula (|28j) 
holds for cosection localized virtual cycles (cf. Theorems 12.61 and 12.91) . 


2.1. Virtual pullback of cosection localized virtual cycle. Let / : 

X —> Y be a morphism of Deligne-Mumford stacks. Let cfx '■ E x —> Lx 
and <pY '■ Ey —> L y be (relative) perfect obstruction theories that fit into a 
commutative diagram of distinguished triangles 


( 2 . 1 ) 


f*Ey —-> Ex 


f*<t>Y 



/*L>- > Lx 


■> E x/\ -> 

<t>X/Y 

■> L x/Y -> 


Definition 2.1. We say f : X — >• Y is virtually smooth if E x /y is perfect 
of amplitude [—1,0]. 

By [28] §3.2], if / is virtually smooth, then cj) x /y is a perfect obstruction 
theory. In the remainder of this section, we assume / : X —> Y is virtually 
smooth. By p], the perfect obstruction theory 4> x /y ■ E x /y —> L x/y gives 
us an embedding of the intrinsic normal sheaf into the vector bundle stack 

h}/h\iy x/Y ) ^ h}/h\El /Y ) =: 8 X/Y . 

Moreover the intrinsic normal cone of the morphism / is naturally embedded 
into the intrinsic normal sheaf 


&X/Y ^ £x/Y- 

Let Ob x = h 1 {E' x ) and Oby = h}{E Y ) be the obstruction sheaves and 
let ay : Oby —> 0 y be a cosection. The morphism f*Ey —> E x induces a 
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morphism Obx = h l {E'x) — A h l {f*Ey) = f*h 1 (Ey) = f*Oby■ Hence ay 
induces a cosection 

(TX ■ Obx —► f*Oby —A f*Oy = Ox 

of Obx■ We call cry the cosection induced from cry. 

Definition 2.2. ITe denote by X(a) = (0) and Y(a) = af l (0) the 

vanishing loci of the cosections ax and ay respectively. 

Here af^(Qi) is the subvariety defined by the image (ideal) of ax- 

Lemma 2.3. If f is virtually smooth, X(a) = f~ l (Y(a)) = Y(a) Xy X. 

Proof. Prom the distinguished triangle E^/ Y — A Ef- -A f*Ey —, we obtain 
an exact sequence 

-A Obx -A f*Oby —A h\E W x/ y) = 0 

where the identity holds because E x /y is perfect of amplitude [—1,0]. Since 
Obx —A f*Oby is surjective, 

ax'. Ob x ^ f'Oby^Qx 

is zero if and only if f*ay is zero. This proves the lemma. □ 

By Lemma 12.31 we have a Cartesian square 

( 2 . 2 ) 


/ 

where the vertical arrows are inclusion maps. 

We recall Manolache’s virtual pullback. 

Definition 2.4. [28] Suppose we have an embedding of the intrinsic normal 
cone <£x/y °.f f '■ X Y into a vector bundle stack £x/y ■ Consider a fiber 
product diaqram 

p q 

X^^Y. 

Then the virtual pullback is defined as the composite 
f- : A*(Y') —A A m (<£x'/Y') “A A*(£ x /y x x X') —a A*(p* £ x /y) —a A* +< i{X'), 
where the first arrow is [B] e-A [Orx y ,x'/r\i the second arrow is via the 
inclusion <£x'/Y' ~a <£x/y x x X'; the last arrow is the Gysin map ®£ X/Y ■ 
A* (p*£ X /y) “A A* + d(X') for the vector bundle stack £x/y ■ Here d is the 
rank of Ex/y- 


a) ——a Y(a) 

l 

i - rY 
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If X is not connected, we consider each connected component separately. 
Letting X' = X and Y' = Y, we get f : A*(Y) -A A* + d(X). Letting 
X' = X(a) and Y' = Y(a), we obtain f' a : A*(Y(<j)) A*(X(a)). By | ]28l 

Theorem 2 (i)], these fit into a commutative diagram 

(2.3) A*(Y(a))^A* +d (X(a)) 

MY )— 

For the virtual pullback formula, we need the following analogue of |28) 
Lemma 4.7]. 

Lemma 2.5. Let f : X — >• Y be a morphism of Deligne-Mumford stacks 
and M be a vector bundle stack on X such that £ x /y C M. Let £ be a 
vector bundle stack on Y with the zero section 0 s \Y ^ £. Let U C Y be 
open and a : £\jj —> Cy be a surjective map of vector bundle stacks. Let 
Y(a) = Y — U; X(a) = X xy Y(a) and f a '■ X(cr) —>■ Y(a) the induced 
morphism. Let £(a) = £\y(o) Uker(cr). Then ( ^x/s)red C f*£ © J\f where 
£x/s denotes the normal cone of the morphism o / : X Y —> £. 
Moreover for each irreducible B C £(cr), 

fa°£, loci- 8 ] = ° l f*£®M,loc[£xx £ B/B\ ™ A*(X(a)) 

where 0^- loc and loc denote the localized Gysin maps with respect to 

the cosections a : £\jj —> C jj and (f*a,0) : f*£ © Af\ /-i(t/) C f-im) 
respectively. 

Proof. The inclusion <t x / £ C f*£ ©A f = f*£ x x Af follows from the identity 
<£ x /£ = f*£ x x *£ X /y proved in [23 Example 2.37]. We prove the last 
statement. If B C £\ Y ( a ), the localized Gysin maps are the ordinary Gysin 
maps and hence the lemma follows from [28l Lemma 4.7]. So we may suppose 
B £\ y(o-). Further, by shrinking Y if necessary, we can assume that Y is 
integral and B —>• Y is dominant. 

By [13, §2], we can choose a projective variety Z, a generic finite and 
proper morphism p : Z ^ Y, a Cartier divisor D on Z such that D is a 
linear combination of integral Cartier divisors; D fits into the commutative 
diagram 

Z ———+ Y 

D Y (a) 

and p*a extends to a surjective map a : p*£ —> Oz(D), where by abuse of 
notation we think of 0 z{D) as the total space of the line bundle Oz{D). 

Let £ = ker(<r), which is a bundle stack, and choose an integral B C £ such 
that p*[B\ = k[B] for some k > 0, where p : £ —> £(cr) is the composition 
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£ C p*£ —> £ of the inclusion with the hrst projection p*£ = £ Xy Z. Then 
by the definition in [TSJ §2], 

Of,ioc[-®] = ■ D ), 

where •D denotes the refined intersection for the inclusion D C Z defined 
in [121 Chapter 6]. 

We further simplify the situation as follows. Because £ is a bundle stack, 
there are integral Zi C Z and rational c, so that [B] = € A*£. 

Because rational equivalence in £ induces a rational equivalence in £(cr), to 
prove the theorem, we only need to consider the case where B = £. Thus 
the above identity becomes 0^ loc [-B] = \pa*[D\. 

Consider the Cartesian diagrams 


D — Y(a) ——> Y 


fa 


4l 


D'^X(a) 

Pa 

Since virtual pullbacks commute with pushforwards (cf. [28[ Theorem 4.1 
(i)]), we have 


1 


1 , 


1 


fA, Ioc[S] = lf*P**[D] = ^p’aJa[D} = j:P^0 Ml J(£ D//D }. 
Consider the commutative diagram 



4 £(cr) 4- 


B 

B 


where Z 1 := X Xy Z. Let 

p f : f*£ -A f*£(a) 


denote the pullback of p. Since p*[£\ = k[B], we have 

P*\^Xx££/i\ = ^I^Xx £ b/b]- 

By the definition of the localized Gysin map |T8, §2], we have 

0 'f*£®X,loc[£xx e B/B\ — -jfPcr* (P'f'*i®p'*ftf\^Xx e £/£\ ' ^ ) ' 

Here by D' we mean the intersection with D C Z via the Cartesian square 

D' -4 Z' 


f 

A Z 


D 
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Since X X£ 8 = Z', by [281 Example 2.37] 

^■Xx s £/£ = ^Z'/e = ^z'/z xz' / £■ 

We thus have 

0 /*feA^,loc[^Xx £ R/s] = ‘ D ') = ffPo^N\ D , {i^Z'/z\ ' D ') 

by the commutativity of Gysin maps. 

Let L = 0 z{D) and let L' = f'*L. We now prove that 

[£d’/d\ = [£z'/z\ ■ D'. 

Indeed, by Vistoli’s rational equivalence [32] and [28] Example 2.37], and 
using = L\d, we have 

\£z'/z\ ■ D' = 0 1 L '[£d'/£ z , /z ] = 0 'ui^D'/z] = 0 1 l'[£d'/<£ d/z \ 


~ ^L'i^D'/D X D' L'\D') — [£d'/d\- 

Therefore, we have 

,\oc\^Xx £ B/b] = -j:P'a*^W\ D \^D’/ d\- 

This proves the desired equality /^ jloc [B] = Oy, fejV - ;loc [Cxx £ B/i?]- □ 

The following is a cosection localized analogue of [281 Corollary 4.9]. 

Theorem 2.6. Let f : X — >• Y be a virtually smooth morphism of Deligne- 
Mumford stacks, and let a : Oby —>• 0 y be a cosection. Then 

/M c = [*]&■ 

Proof. The proofs of Theorem 4 (functoriality) and Corollary 4 in [2Sj work 
with necessary modifications. The reader is invited to go through the proofs 
in }28| with the proof of deformation invariance m Theorem 5.2] for cosec¬ 
tion localized virtual cycles in mind. 

With Lemma [2.51 at hand, one will find that the only thing to be checked 
is the inclusion of the support 

(2.4) Supp£ XxP i /M o C ker [h 1 / h° (c(u) v ) —* g*0 P i(-l)] 

where My is the deformation space from the reduced point {pt} to the 
intrinsic normal cone (£y and c(u) is the cone of the morphism 

u = (xo-id, xyp) : p*f*Ey®q*O v i{— 1 )—> p*f*Ey®p*Ex in L^XxP 1 ). 

Here xq,x\ are the homogeneous coordinates of P 1 ; p, q are projections from 
X x P 1 to X and P 1 respectively; ip : f*Ey —> Ex is the morphism in (|2.1h . 
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The morphism h l /h°(c(u) w ) —> g*Opi(—1) comes from the commutative 
diagram 

h l /h°{c{uY) - r p*f*h 1 /h°(E V) ®p*h l /h°{E w x ) - > p*f*h 1 /h 0 (E^.) ® g *0 P i(l) 


q *Opi (— 1 )-* <7*0pi © f/*Opi 


9*0pi(l) 


where the middle and right vertical arrows come from the cosection a. 

By the double deformation space construction, 

^XxP!/M° x pi O ^ 1 — {(0 : 1 )}) = £x x (P 1 — {(0 : 1 )}). 

By the cone reduction (PTSJ §4]), we have the inclusion of the support 

SuppCx C ker [h 1 /h°(E x ) —> Ox] . 

Hence (12.41) holds over P 1 — {(0 : 1)}. 

Let D = £xx¥ 1 /m° x pi O ^ 1 — {(1 : 0)}) be open in ^xxV 1 /M° containing 
the fiber over (0:1). By diagram chase, 

/ l 1 //i°(c(«) v )| {(0:1)} = rh}/h\El) x x h 1 /h°(E\ /Y ) 

and the homomorphism in (12.41) over the point (0 : 1) is 

(/V,0) : f*h x /h 0 {Ey) XX h}/h\E y x/Y ) —> Ox- 

Therefore the theorem follows if we show that irreducible components A of 
D lying over X x {(0 : 1)} have support contained in 

(2.5) ker (. rh l /h°{E *) A Ox) x x h 1 /h°(E w x/Y ). 

Let A be an irreducible component of D lying over X x {(0 : 1)} and 
let a be a general closed point in A. We claim that a is contained in (12.51) . 
Since the problem is local, we may assume X, Y are affine, equipped with 
embeddings X C V, Y C W into smooth affine varieties that fit into a 
commutative diagram 


> V ———? A m x A n 



pri 


such that the morphism g : V —» W is a smooth, X = zero (7 o g, if), 
Y = zero ( 7 ) and 

E Y = [0®' n —I>nw|r], E x /y = [Ox 1 —^^v/w\x\- 

Since we have nothing to prove when a = 0 at general points of the irre¬ 
ducible component A, we may assume that a is surjective. 

To prove the claim, we recall the double deformation space construction 
for D (cf. [22]): Let T be the graph of the morphism 

V x(Aj — {0})x(A* — {0}) —> A m xA n , (v,t,s) ^ ((ts)~ 1 'yog(v),t~ 1 p{v)) 
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and let f be the closure of T in F x Aj x A] x A m x A n . Here A| and A* 
denote the affine line with local coordinates t and s respectively. Then we 
have 

f x A i {0}/(pryTy|f x ^{ 0 }) = D. 

Now we can prove the claim. Since D C (F — T) / (pryTy\f_ v )i we may 
choose a smooth pointed curve (A, 0) with local coordinate 5 and a morphism 
p : A —> f such that p( A — {0}) C T and p( 0) represents a € A. Let 
tA : A —-A r ——>■ A j and s x : A —-A F —> A* denote the compositions of p 
and the projections to A\ and A* respectively. Let py : A — > V denote the 
composition of p with the projection pry : F —> V and let vq = py( 0 ) G X. 
Then p(0) = (u 0 ,0,0, vi, v 2 ), 

(2.6) v\ = lim(tASA ) -1 ■ 1 ° 9 ° Pv £ A m , v 2 = lim fT 1 ■ po py € A n . 

<5—s-0 <5—>-0 

Since 0® m -» Oby —> 0y is surjective, by copying the proofs of Lemma 4.4 
and Corollary 4.5 in [18], we find that v\ represents a point in 

ker (f*h l /h°{E$)^Q x ) 

and V 2 a point in L 1 /A°(£ , ^y). Therefore a lies in (12.51) . This proves the 
theorem. □ 

2.2. Cosection localized virtual pullback. In 1)2.11 we considered the 
virtual pullback of a cosection localized virtual fundamental class when 
there is a cosection er : Oby —> 0 y on Y that induces a cosection Obx —> 
f*Oby Ox on X. Actually there is another way to combine virtual pull¬ 
back with cosection localization. Consider the case when there is a cosection 
a : Obx —> Ox that induces a cosection a : Ob x /y —>• Obx —> Ox of the rel¬ 
ative obstruction sheaf. In this subsection, we define the cosection localized 
virtual pullback 

for a virtually smooth morphism / : X -A Y where X(a) = <7 -1 (0) (cf. 
Definition 12. 8 |) and prove the cosection localized virtual pullback formula 
(cf. Theorem 12.91) . 

We let / : X —> Y be a virtually smooth morphism between Deligne- 
Mumford stacks as before; we let a = ax ■ Obx —> Ox be a cosection, and 
form the (composite) 

d = a x/Y : Ob x/Y = h\El /Y ) —► h\E\) ^4 O x . 

Let X(a) = fj~ 1 (0) and X{a) = d _ 1 (0). Then by definition, we have an 
inclusion 

j:X(a)^X(a). 

We let /C = h 1 Then a induces a morphism 1C —> O x which 

we also denote by a by abuse of notation. As before, we denote 

IC(a) = ker[d : /C -A Ox] -=IC\x(a) u kerfojt/ : JC\u ->■ Of/], 


10 


HUAI-LIANG CHANG, YOUNG-HOON KIEM, AND JUN LI 


where U = X — X(a) is the open where a is surjective. 


Lemma 2.7. We have 

Supp £ x /y C K{a). 

Proof. We apply the functoriality of the h 1 /h° construction to (12.11) to obtain 
the commutative diagram 

C Y /y hl/hP^y) h l /h°(E^ /Y ) = JC ———> Ox 

(2-7) | i { 

£ x ———> h l /h 0 {lX x ) h}/hfi{E y x ) =: £ —-—> Ox 

Like before, we have SuppCx C ker [h l /h°{E' x ) — > Ox] =: £(<r). Since a 
is induced from a = ax, the lemma follows. □ 


We now define the cosection localized virtual pullback. We let Y’ —> Y be 
a morphism of stacks where Y’ has stratification by global quotients. Form 
the Cartesian product 


X' 


v 


>X 


r 

Y’ 



and let a : p*f C —>• 0 X ' be the pullback of a : /C — > 0 X - Then the vanishing 
locus of a is 

X\a) := X(a) x x X' 

and 

p*X(a) = ker[ft : p*KL —> 0 X '] = /C(<r) x x X'. 

Consider the composite 


1 : if£ X '/Y' )red C (£ X /Y X X -X’Ored C JC(a) X X X' = p*K(a ), 

where the first inclusion follows from the definition of X', and the second 
inclusion follows from Lemma [2771 


Definition 2.8. The cosection localized virtual pullback is defined by 

/• : A.y'-4A*e x , /y , A(//c(d))° p ^i oc A(x'(d)), 

where e is defined on the level of cycles by = ’Yl n i\^-ViX Y iX'/Vj\- 


Note that the way that [28], Theorem 2.31] was applied to [28], Construc¬ 
tion 3.6] can also be applied here to conclude that e descends to maps be¬ 
tween Chow groups. 

We have the following virtual pullback formula. 


Theorem 2.9. Let f : X — >• Y be a virtually smooth morphism, a : Ob x —> 
O x be a cosection and a : Ob x /Y Ob x — > Ox be the induced cosection. 
Let j : X(a) —> X(a) be the inclusion of zero loci of a and a. Then we have 


fl[Yr=j4X]™eA*(X(a)). 
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The proof is completely parallel to that of Theorem 12.61 so we only provide 
a sketch. We need the following analogue of Lemma 12.51 

Lemma 2.10. Let f : X Y be a morphism of Deligne-Mumford stacks 
and 1C be a vector bundle stack on X such that Cx/Y C 1C. Let T be a 
vector bundle stack on Y with the zero section Ojr : Y —> T. Let U C X be 
open and a : 1C\u —> Cu be a surjective map of vector bundle stacks. Let 
X(a) = X — U. Then for each irreducible B C T, 

fAA B ] = 0 'f*T®ic,iocKxx T B/B\ in A*(X(a)) 

where 0loc denotes the localized Gysin map with respect to the cosec¬ 
tion (0, a) : f*CF © ^C|/-i(i/) < ^'f~ 1 {U)- 

Proof. We may assume that there is an irreducible B C Y such that B = 
J-\g = J- Xy B and 0j-[B] = B. The left side is 

fa®A B ] = = ®'K,,\oc[^BXyX/b\ = [f*^ X X £ By. y X/b \' 

Since B = T Xy B , f*T Xx ^bx y x/b = ^Bx t x/b- Hence the lemma 
follows. □ 

Theorem 12.91 follows from the following. 

Proposition 2.11. Suppose Y' = h 1 /h Q {Ey) = T so that p\ X '(a) : dG(d) —* 
X(a) is a bundle stack and that we have the Gysin map Oy : A*(X\d)) —> 
A*(X(ct)). Then we have 

Proof of Theorem I A .91 By Lemma 12.101 and Proposition 12.111 

fir\y l™ = fa^A^-y] = 0/* T®K,\oc\£-Xx T <t Y /<£y] = Ojr/o-I^v] = J* Mloc' 

□ 

Proof of Proposition \2.11[ The proof is almost identical to that of Theorem 
EH so we only point out the difference. The construction of the double 
deformation space and the cone c(u) is identical and we have a commutative 
diagram 

h l /h°{c{uY) - >p*f*h 1 /h°(EV)®p*h 1 /h°(Ef [ ) - > p* f*h 1 /h°(Ef-) ® q*0 P i (1) 

( 0 , ct ) 

<7*0]pl -r fpOpl 

where the vertical arrows are defined by a. Again it suffices to show 
(2.8) Supp£ XxP i/ M o C ker[h 1 //i°(c(w) v ) —X q*0 P i]. 

Now the proof continues exactly the same as the proof of Theorem 12.61 By 
the cone reduction in |T8], (|2.8|) holds over the open P 1 — {(0 : 1)}. To prove 
(12.81) over the point (0 : 1), we consider a general point a in any irreducible 
component A of D lying over (0:1) and use the local construction of the 














12 


HUAI-LIANG CHANG, YOUNG-HOON KIEM, AND JUN LI 


double deformation space. After choosing a morphism p from a smooth 
pointed curve (A, 0) with p(0) representing a, one finds that we only have 
to check that V 2 represents a point in 

ker (a : h 1 /h°(E) c/Y ) h'/h 0 ^) -1* Ox) • 

Again this follows from the arguments in the proofs of Lemma 4.4 and 
Corollary 4.5 in [18]: When V 2 / 0, because lirn^o sa = 0, the image v 2 of 
V 2 in h 1 /h°(Ex) under the tautological 

h l /h\El /Y ) —► h^/h^El) 

lies in £\- Using the cosection a, we see that v 2 G ker [h l /hP{E\) —» Ox]- 
Because a is induced by a, we obtain (12.81) . This proves the proposition. □ 

Remark 2.12. When f : A —>• Y is a morphism over a smooth Artin stack 
S, sometimes it is more convenient to work with relative obstruction theories, 
say with Lx replaced by Lx/ 5 , Ly by L Y /s etc. It ts straightforward to see 
that all the statements and proofs in this section hold in this case. 

Another useful situation is when Y is only assumed to be an Artin stack 
with Y — y S assumed to be Deligne-Mumford. Then Proposition 2.11 holds 
in this case with obstruction theories replaced by relative (to S) obstruction 
theories. 

3. Torus localization for cosection localized virtual cycles 

In this section, we prove the torus localization formula for cosection lo¬ 
calized virtual cycles iTheorem 13.41) . We do not assume the existence of an 
equivariant global embedding or a global resolution of the perfect obstruc¬ 
tion theory. When the cosection is trivial, our argument gives a new proof 
of the torus localization theorem in |15| without these assumptions. 

Let A be a Deligne-Mumford stack acted on by a torus T = C*. Let F de¬ 
note the T-fixed locus, i.e. locally if A = Spec(A), then F = Spec(A/(A mv )) 
where A mv denotes the ideal generated by T-eigenfunctions with nontrivial 
characters. Let 

i : F —> X 

denote the inclusion map. 

Let D([X/T}) be the derived category of sheaves of T-equivariant Ox- 
modules on A. It is the same as the ordinary derived category of sheaves 
of Ox-modules except that all sheaves are T-equivariant and all morphisms 
or arrows are T-equivariant. The action of T on A gives the equivariant 
cotangent complex Lx G D([X/T}). 

Definition 3.1. A T-equivariant perfect obstruction theory consists of an 
object E G D([X/T]) and a morphism 

(f> : E —> Lx 

in T([A/T]) which is a perfect obstruction theory on A. 



COSECTION LOCALIZED VIRTUAL CYCLES 


13 


If A is a T-equivariant sheaf of Op-modules on F, we let A fix denote the 
sheaf of T-fixed submodules and A mv denote the subsheaf generated by T- 
eigensections with nontrivial characters. Given E £ D([X/T]), E := E\p 
is a complex of T-equivariant sheaves on F, thus we can decompose E = 
E “ ® E mv into the fixed and moving parts. A T-equivariant chain map 
if : E -A E to an E € D([F/T]) preserves such decompositions to give us 
^fix . ^fix ^fix anf j ^mv . gmv E mv . If if is a quasi-isonrorphism, 
so are if^ x and if mv . Therefore a T-equivariant perfect obstruction theory 
<f : E -A Lx induces morphisms in D([F/T]) 

: E\f and <f™ : E\^ ^ h x \T■ 

Lemma 3.2. Let the notation be as above. The composition </>p ■ E\ F —> 
L X || X -A L f of 0 fix and the natural morphism Lx F —> Lp is a perfect 
obstruction theory of F. 

Proof. For any square zero extension A -A A of &:-schemes with ideal sheaf 
J and a morphism g : A — > F, let u(g) £ Ext 1 (g*LF, J) denote the com¬ 
position g*Lp -A La a- J[l] of the natural morphisms g*Lp A- La from g 
and La -a L A /a —>• L^~^ = J[l] from A —> A. Let 

(f*Mg) £ Ext 1 (g*E\f,J) 

be the image of u(g) by the map Ext^^Lp, J) -A Ext 1 (g*E\^f, J) induced 
from (ftp ■ E|® x -A Lp. Note that Ext 1 (g* E\*ff, J ) is a T-module and <f* F u{g) 
is T-invariant, where T acts on A, A and J trivially. 

By m Theorem 4.5], it suffices to show the following claim: the obstruc¬ 
tion assignment cf F (uj(g)) vanishes if and only if an extension g : A —> F 
of g exists; and if cf F (uj(g )) = 0, then the extensions form a torsor under 
Ext°(g*E\f,J). 

Let h : A — > X be the composite of g with the inclusion F (Z X. Since 
(p : E —> Lx is a perfect obstruction theory, h extends to h : A —> X if and 
only if 0 = <f x uj(h) £ Ext 1 {h*E 1 J). Because h factors through F C X and 
J is an Ox-module, 

Ext \h*E, J ) = Ext\g*E\f, J) © Ext^T]^, J), 

as T-module, and further cf* x uj(h) is T-invariant. Since (p x u(h) T = <f* F u(g), 
we see that cf* F u ;(<?) = 0 if and only if h extends to h : A —> X. Because 
T is reductive, a standard argument shows that we can find a T-invariant 
extension h, which necessarily factors through F C X. This proves that 
cf* F u(g) is an obstruction class to extending g to g : A -a F. 

The part on the space of extensions g follows by the same argument. □ 

We let E F := E\f and IV vir := (T|“ v ) v . Since E is perfect, both the 
fixed part Ep and the moving part T|“ v = (A vir ) v of E\p are perfect. They 
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fit into the following diagram of distinguished triangles: 

E\ f -> E f -> (JV vir ) v [l]-> 


Ex\F -t -> Lp/x -> 

The morphism F|p —>■ E F induces a homomorphism 

Ob F = H\E v f ) —► H\E\V) H\E v )\ f = Obx If. 

Let a : Obx = H 1 (E V ) —> Ox be a T-equivariant cosection. Then a 
induces a T-invariant cosection 

o F : Ob F —> 0&x|f —> Ox|f = Of 

and we have a cosection localized virtual cycle [F]^. 

Definition 3.3. Suppose the virtual normal bundle N V1T admits a global 
resolution [IVo —> IVi] by locally free sheaves Nq and N± over F. We define 
the Euler class e(N vlT ) of N V1T to be 

e(N™) = e(N 0 )/e(Ni) € A*{F) ®q 

The goal of this section is to prove the following. 

Theorem 3.4. Let X be a Deligne-Mumford stack acted on by T and let 
E —>• Lx be an equivariant perfect obstruction theory on X. Let F be the 
T-fixed locus in X. Let a : Obx —> Ox be a T-equivariant cosection on 
X. Suppose there is a global resolution N vir = [A r o —>• Nfi, where Nq and 
N\ are locally free sheaves on F (whose ranks may vary from component to 
component). Then we have 

r plvir 

Me = G ^®QW Qlt,*- 1 ]- 

Here the class [F]^ is defined with respect to the induced perfect obstruction 
theory E F and cosection o F . 

Remark 3.5. In [15], the localization formula in Theorem \3.f \ was proved 
for the ordinary virtual fundamental class under the following assumptions: 

(1) X admits a global equivariant embedding into a smooth Y; 

(2) the perfect obstruction theory E admits an equivariant global locally 
free resolution. 

Both conditions are nontrivial unless X is a projective scheme. Recent de¬ 
velopment in moduli theory and enumerative geometry utilizes a plethora of 
moduli stacks for which (1) is often tedious to verify and hence it is desir¬ 
able to give a proof without the assumption (1). Here we remove the first 
assumption entirely and weaken the second assumption to 

(2 7 ) the virtual normal bundle N vn admits a global locally free resolution 
[iVo —> iVi] on the fixed locus F, 
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which is often easier to check. When a = 0, Theorem \3.f\ says that the 
torus localization in [GO works without the assumption ( 1 ) and with a much 
weaker ( 2 '). 

By our assumption that there is a resolution [Nq —> Ah] of N™, we find 
that the normal sheaf Np/x is contained in h 1 /h°(N vlT [— 1]) = ker{Xo —>■ 
A r i}, thus contained in Nq. Hence the normal cone £p/x is contained in Xo 
as well. As in Definition 12.41 we define the virtual pullback 

z ! : A*(X») -A A*(F(cr)) 
for the inclusion i : F —> X, by 

[B] 1 -* [£bx x F/b] 1 -* Qn 0 [£bx x F/b]- 

The proof of Theorem 13.41 is attained through the following two lemmas. 


Lemma 3.6. Let X(<r) and F{a) denote the vanishing loci of a and ap 
respectively. Then F(a) = X(a) OF and * ! [X]J££ = [F]J^ D e(Ah). 

Proof. The first identity follows from Lemma 12.31 We prove the second 
identity. By definitions, [X]™ = 0 ^ loc [£ x ] and [F]™ = 0^ loc [£ F ], where 
£ = h 1 /h°(F v ) and £f = h 1 /h°(Ep). By Lemma [231 we have 

* ! °£,Loc[£y] = °£| f ®Ao,Ioc[ £ f] 

because \^Fx £ <t x Kx\ = [^F/<t x \ = [£f] by Vistoli’s rational equivalence [32 ]. 
The proof of Theorem 12.61 guarantees that the rational equivalence lives in 
the desired locus for the localized Gysin maps. Therefore 

z ! [X]™ = * ! 0 ^ 1 oc [£x] = O^ |j?0iVoiloc [£ F ] = O^, 0iVl , loc [£ F ] = [F]& n e(Ni), 

because £\p = £p © [A^i/ATq] . □ 

Lemma 3.7. vi*a = afl e(Xo) for a. € A*(F(cr)) Q[t, t -1 ]. 

Proof. If B is a cycle in F(<r), the normal cone of B n F(<r) in B is B and 
1 ' l * B = 0 ' No B = B n e(No) by the dehnition of virtual pullback v. □ 

Now we can prove Theorem 13.41 


Proof of Theorem \3.4\ By j23J Theorem 6.3.5], 

i* : Al(F{a)) [ t ] Q[M _1 ] —» A^(X(a)) 
is an isomorphism. Thus i*a = [X]]]]]] for some 

a <E A*(F(a)) ®Q[ t ] Q[M _1 ] = A*(F(cr)) < 8 >q Q[t, t~ x ]. 
By Lemmas 13.61 and 13.71 

re n e ( iv i)=»'re = i ' i * a=an < N o)- 


Hence 


re 

e(X vir ) 


and [XC = i*ai = i* 


re 

e(X vir ) 


as desired. 


a = 


□ 
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Example 3.8. Let V = C d be a vector space with (z\, ■ ■ ■ ,Zd ) be its stan¬ 
dard coordinates. We let T = C* acts on V via ( Zi) a = ( azi ). The global 
differentials dzi give a trivialization of Lly, in the form fly = V x V*. Let 
E = [Ty —> fly] and a : fly = V x V* -A Oy be the tautological pairing. 
Then cr _1 (0) = {O} C V is the (reduced) origin O G V, and under the 
induced T-action on fly, a is T-invariant. We observe 

F = V C * = {O}, E\ f = [R-% V*] = N viT , and Ep = [0 —>■ 0]. 

Hence e(iV vir ) = (— l) d and [F]])]]] is the zero cycle [O] consisting of one 
simple point O. Then by Theorem \3.41 we have 

uk= jpiy = (-i) J [o] 

as expected from [IS Example 2.4], 

In this example, if instead we consider a cosection a' : fly —>■ Oy via 
dz\ i-a 1 and dzy^i i-a 0. Since o' is surjective, we obtain [E]^ = 0. 

However, = (—l) d [0] as before. Hence Theorem 13.41 does not apply. 

4. Wall crossing formulas for cosection localized virtual 

CYCLES 

In this section we provide a wall crossing formula for simple C*-wall cross¬ 
ings. The construction and proof are rather standard (cf. [21]). 

Let X be a Deligne-Mumford stack acted on by T = C*. Let <??> : F —)• Lx 
be a T-equivariant perfect obstruction theory, together with an equivariant 
cosection a : Obx = h 1 (F v ) -A- Ox- Let 

(1) F be the T-fixed locus in X ; 

(2) X s be the open substack of x G X so that the orbit T • x is 1- 
dimensional and closed in X; 

(3) S 0 ± = {i 6 l-(PUF) lim^o ^ 1 ■ x G F}; 

(4) S± = S° ± U F; 

(5) i ± =i-E T a ; 

( 6 ) M± = [X±/T] C M = [X/T] are separated Deligne-Mumford stacks. 
Recall from f|3] that we have the induced cosections up : Obp A Op. We 
then define the master space of the wall crossing M± to be 

®t=[lxP 1 -S_x{0}-S + x {oo}/C*] 

where C* acts trivially on X and by A ■ (a : b) = (a : A b) on P 1 . The action 
of T on X induces an action of T on 931 whose fixed locus is 

M+UFU M_ 

as is easy to check. Since C* acts only on the component P 1 , the pullback of 
any sheaf on X by the projection X x P 1 — > X is C*-equivariant and hence 
descends to the free quotient 9Jt. By pulling back the perfect obstruction 
theory cf : E —> Lx and descending, we obtain a morphism cf : E -A Lgjt. 
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Lemma 4.1. The morphism cf : E —>• is aT-equivariant perfect obstruc¬ 
tion theory of SO1. Moreover the pullback of o descends to a T-equivariant 
cosection a : Obyi -» Ogjt- 

Proof. This is straightforward and we omit the proof. □ 

The cosection a induces cosections on the fixed locus M± and F in DJI. 
We are ready to state the main result of this section. 

Theorem 4.2. Let the notation be as above. Suppose the virtual normal 
bundle N V1T admits a resolution [iVo —> Af ] by vector bundles on F. Then 
we have 

[ ZT'lvir 

l M +}\ol - [ M -]\oc = rest =°ffj ^y in A * ®qm i_i ]■ 

Proof. Applying Theorem 13.41 to the master space SOT, we find that 

ir _ [M + ]£ [M.]g [F]^ 

[ Jloc -t t + e(A^ vir ) 

since the normal bundle of M + is trivial with weight 1 while that of M_ 
is trivial with weight —1 by construction. If we take rest=o, the left side 
vanishes because [91t]^ € AJ'(DJt) has trivial principal part. Therefore the 
residue of the right side 

[ fT ] vir 

-[M + ]J* + [M.}Z + res i=0 ^y 

vanishes. This proves the theorem. □ 
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